
 Reuiewon op.gs
Let be a top space which maybe has some nice properties Let it Y X be a contmap
this defines a sheaf on X via Uts Mut Ef u Ycont Iof id This is in a sense
the mainexample sheaf of sections

Exercise See Ex II1.14 in Hartshorne prove thatfor any sheaf of sets F ou X there is a top
space F and a continuous map it F X with the following properties
1 F is the sheaf of sections of it
2 it is a local homeomorphism
3 forall X u

Usually IF is not Hausdorff For example if xeX and F 2x is a skyscraper sheaf at
then F is X itself except over x there are countably many points which cannot be

separated

Set Shun abelian category of sheaves of abelian groups on X there are some variants of
this depending on what X is Note Shcx has enough injectives is a Grothendieck category so
we can takethe right derived functors of MX 7 for an injective resolution

O s F Io I
o Mx F p x Io

H x F Hi T

H is a cohomological functor i.e satisfies the axioms for a cohomology theory
If f X Y is a continuous map we havethe direct image functor
f F U F f ul which maps 5h x Shly Note if y pt f P X 3
so this is a generalization This is also leftexact f Io f I 3n
Taking right derived functors Rifat Lt f I where Joe is an injective
resolution of F and are called higherdirect images

DefyLetG b Bbealeftexact functor between abelian categories An object A in it is
G acyclic if RIGLA O for i ofAssuming enoughinjectives

PrefTo derive G in the abovecontext one can use resolutions of acyclic objects

An example is a contmap f X Y the flabby sheaves on X are acyclic with respect
to f Indeed an injective sheaf is flabby The proof uses the extension functor which we
review later

Can we visualize higherdirect images By def'n Riff is a sheafification of the presheaf
Vrs Hilf v F on Y One might notice this is a cohomology of fibers

IThelpmperBasechein If f is proper Rifat EHillyFIX

Goothendieckspectralsequencelet
A 4 BE E be a left exact functor Suppose it B have enough injectives Suppose x

takes injectives to f acyclic Then there is a spectral sequence with



12 8 A Roop RICA R 8 pox A

ExampleLenay Spectral sequence consider Xt Y pt Let Feshcx then the derived functors
of Cpof is just cohomology But the composition is HMXRPFF and the spectral

sequence shows they are thesame

Diagrammatically i ii
HOLYR'f F d H xR'f F d
HolyRf F H Y R f F H x R'f F

ExampleServe spectral sequence for Hopf fibration

g
Hopffibration

f 5 EP s T E P F Si t s tm and

n f
fibers are circles Hence

ee
1203 R'f F HPsi 2 B P o

0 else
Since f is a locally trivial fibration all other higherdirect images are locally constant But
I Gpu O They are actually constant Thus

RPF F F p o
O else

Putting thistogether the F I page is
Holeph F Hetsy H2cepye HucephF

a an
H Eph F H F HzephF H Eph e

c OCM
computing gives the result

IExerciseUse the Serre spectral sequence to compute the cohomology of Rs

IExerciseProve proposition above Hint spectral sequences

Gim fix y get exact functor f Shin Shcx An Cfe ft form an adjoint pair In
addition fi Shun Sky with way open

f F w se f Fcw If suppes y is proper

If j Uc X is an open embedding ja is extension by zero

Propi
2 There is a map fi f
2 If f is proper fi f
3 fi is left exact with derived functors higherdirect image w compact support if F pt

ampa guppythis is cohomology with



Derivedcategories
Letto be an abelian category Define Kcb by objects being complexes in it and
morphisms being chain maps iflocalized at quasiisomorphisms This gives the Derived category
D it

IMaiupne.pe D it is triangulated

If fi it B is leftexact between abelian categories we get right derived functors
Rif A B However we can define Rf Dcb Dogs by sending o x o o to
the cohomology of the complex flo X so so I

If we have At BEE we can get derived functors Dfa DCB 7 DCE
and one can see Dlgof DgoDf a bit nicerthenthe Grothendieck spectral sequence

Setting D x D shh X a topspace and f X y continuous we get

Df D x D x
f DG Dex

Still an adjoint
pair

Talreadyexact
Also fi Shun shin produces Df Dan Dad The adjoint functor is f and is
only a functor of derived categories Rf f is the adjoint pain We have two
main distinguished triangles

closed openz is X U
HeeShan Rioi F F s Rj oj F and Rj oj F F Right So we get
longexact sequences of hypercohomology

MYXRip E Alyx F 1H4xRj.ojap same for theother

Examplei
Fix F Q Then the second D gives 0 ji Qu Q i Qz o
which is just a sequence of sheaves So if we wanted H x we
can compare this to Hila Qu and Hitz.az Actually the first is is betterfor
this

Eechcohomology
See Differential forms in AlgebraicTopology

IThin If X is paracompact then KxF H x F

IExerciseProve Ex III 4.11 in Hartshorne

ExampleLet X be a scheme and Fe QCohCx Take X separated and Ui SpecAi an
open covering of affines Then HCui13 0 for i o and see the above exercise



Constructiblesheaies
Assume a sheaf is a sheaf of vectorspaces overQS

ExercisesLet be a nice connected topological space say a manifold Prove that there is

µ equivalence of categories

locallyagoustaff
sheaves tix modules

Yet
t S d P

a each Xi is a topological manifold
b each Xi is locally closed open inXT
c Hi XT is a union of other strata

I d A condition on the topology look this up
If X is a complex alg variety a stratification is X Xsmooth X2 Xix smooth

etc This can be refined to a Whitney stratification

Det Let be stratified and Feshcx is constructible if forall i Fbi is locally
constant of finite rank

We take typically X E algvariety Xi locallyclosed Ealgvariety We attach to
this the category

Det Let be a Galgvariety A sheaf F ou Xan is constructible if it is constructible

with respect to some stratification of X

Let Dbc CD x be the full subcategory of complexes of sheaves with bounded

cohomology Hilo o for lila o and each Hicca is constructible

Th Letf X y be a morphism of Galgvarieties Thenthefunctors Rf f Rfi f preserve
The constructible categories They alsobehavewellwith base change lookthis ups

Thin.lv DuditThene is an object DxeDCx calledthedualizing complex suchthat the
contravariantfunctorD RThomtDx DG Dex
17 Preserves theconstructible category
z p on D
3 If is smooth

ThinThere are isomorphisms of functors for f X y

D c

f
E't

IDx DxRf v

DHD x
f

Example Take a smooth Eacg variety and set dimax n Then D QL2u3 Take EQx
and p X pt Then applying the above

DptoRp Qx Rp oD Qx Rp oD Rp Q kn7



The right hand side is ithcohomology Hit X Q and the left handside is Hi xQT
which is the classical Poincare Duality H Jex HE x ay
Note we only used constancy at DX Q kuI So this gives a hint at how to
formulate this more generally if say X is notsmooth just work with objects s1
D F Fkn

ThinpoincaneDualityforsingularvarieties
Let be a Ealgvariety There is a canonical object FeDbc x s 1
1 D F FC2di.mx
z p a

um.gg amp3 F Ice intersection

see Asterisque volume100 for a discussion

Etalesheaies
Let X be a scheme with our usual conventions

Def Let Xet called the small e'tale site be the category consisting of schemes over
X with structure map e'tale and morphisms Xmorphisms

A covering of U is a collection Ui U of estate maps with Ugicui U
Similarly the Zariski Flat site are objects Y X open embeddings flat a LOFT and
similar coverings faithfullyflat a gcompact in the flat case

Have morphisms of sites colloquially notfunctors Xf Xet Xzan
A presheaf on Xet is just a contravariant functor P Xet E The sheaf condition
says for all coverings Ui U the diagram

Plus ITPuli ITPluixuuj
is an equalizer diagram

Exampies
O G be a discretegrp Then Gx XxG Xg is a group scheme Gives a sheafgeGFly HourlyG sometimes calledGx Get similar examplesforadditivemultiplicativegrips
1 Let FE Cohen Define a pusheaf WCF Sixx Ab by

WIFI yes x Fly a F
ClaimWCF is a sheaf on the e'tale site flat site

IExercised Prop 1.5 in EC chap2
The exercise proves WCF is a sheaf



So given a sheaf F etale sheaf on Xet we want a notion of a stalk We make
The natural definition given a geometric point TeX

E 1in FluI u
txtet

Which can be related to the henselization

Now taking I Xxate we get that GGalEla acts on IT and hence on Iet by
autoequivalences Given a sheaf testee suppose o F F for all OEG Then we get
a morphism 0 Hitler oaf HilIet F which is an automorphism This can give
via several difficult conjectures to HodgeTheory

DefLet G be a finite group A finite e'tale
morphism f y x is a Galois covering if
a G ads on Hx
b If then we have a canonicalmap
YxG xxxx and this should be an
isomorphism

ExerciseLet kck be a finite Galois extension
with G Gal life Put f Y w Y Speck
X Speck Prove f is a Galois covering

RopeLet f y be a Galois covering with groupG Let F be a presheaf on Xet
The group G acts on FCY with diagram

c E pay g go azo ons

Then if F is a sheaf this diagram is exact equaliser

Proof 1.4 cheep2 in EC

As an application lets look at e'tale sheaves on Speck SCspeckled If
G is a profinite group G dim i 4Gifinite A Gmodule M is discrete if
for all men Gm is a discrete group Thus if G Gal Ite we have an
abelian category of discrete G modules Claim S Specket this category

Let FESGSpec.net We have a geometric pt I Spect Speck x Taking
the stalk we only need to look the system of the finite Galois Checking
the def'u

Fx U FSpeck 0 Gal Ek
Kyu
finGal

and is a discrete module

Conversely if M is a discrete Galoismodule let U Speck be etale UIspeck
n'In
finSep



Take F u MENEM Certainly a presheaf and an application of the proposition can
show its a sheaf

Presheavesandsheaies

theoremThe inclusion S Xet PXee is left exact and has a left adjoint
exact functor

sheafiffication
a PCxed SCxed We see

a P and aP have the same stalks
b TFAE
i o F F F is exact in SCxed
ua xee.o o a is exact in gross

c TFAE
i F F is a surjection in SCxed
ii V4 CXet Vsettle there is a covering Ui U a elements sieFCUi suchthat
Guilsi resume s
iii VE X F FE is surj

Example
a Man abeliangrp Pm be the constant presheaf PmUG M DefineFae apm as
the constant sheaf
b Recall sheaf Gm on Xet represented by Spec27Gt Ixspe.czX There is an
endomorphism t.tt denoted Gm96in Lets look at the kernel

Gulu TCU Ou
n µ f'sO I.fi msniuYsewiiI wanew Teaeand is represented by
Gulu TCUOu µu Spec27ft5 th l

So we have an exact sequence 0 Mu Gmt Gm Is it surjective
Claim If CncharX L s VxcX.cn charkha L then its surjective

Indeed let a Speed aeA Need U e'tale s1 I bercuQF b a Take
SpeeB B Atiyeha But if we have the conditions on the characteristic

This is standard e'tale

Note that in the flat topology this sequence is always exact

Det The short exact sequence 1 mu Gim Gm 1 is called the Kummer

sequence

One should think of this as the e'tale analog of the exponential sequence

H Xet Gm H Xet mu
S t analogof the 1stwillprove H XzanGm chern classlater sit
Rex



Suppose Xln I k Then Mu 2 27 iron canonically Indeed choose
an nth rootof 1 in k es Thun tuk Mulu eses es 2 22

Classical Kummer Theory says

Th Let k be a field containing nth roots of L Let 4k be a cyclic Galois
extension with Galois grp 1Gt n Then L kla with xkaek

Related to Hilberts Theorem 90 There is an additive analogue as well Then the
analogue of the exponential sequence in X specttp is

O Spee tuyere Ga Ga O

where F is the Frobenius Gee the additive group scheme

Exercised Prove that the SpecEp group scheme spec p Pe is isomorphic to the
group scheme 2 22specif

D.irecl Iuuerse magesof E ale.sk
Let it X X be a morphism of schemes and FeSCxe't Define a paesheaf
I F on Xet by declaring T F U FIX'xxU and will be an actual sheaf
note it is left exact

The direct image functor has a left adjoint it Shee s Xel This will be
a F line Flu

a uw dee

One can also check at geometric points it F Face and fitF TIX'xSpec0 j F
where j X'xxSpec04 X

Examples finiteGalois
g1 Take X Speck X Speck with kiln separable We know suspected awe discrete

Galois modules Then the inverseimage functor takes the restricted representation

IExercisePrune the firstpart of 3.7 in EC cheeper Uses Exercise 9

Now we have a short exact sequence of estate sheaves

O Gm g Gm c 27 o

where g includes the generic pet


